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Abstract
A quantum perfect lattice action in four dimensions can be derived analyt-
ically as a renormalized trajectory when we perform a block spin transfor-
mation of monopole currents in a simple but non-trivial case of quadratic
monopole interactions. The spectrum of the lattice theory is identical to that
of the continuum theory. The perfect monopole action is transformed exactly
into a lattice action of a string model. A perfect operator evaluating a static
potential between electric charges is also derived explicitly. If the monopole
interactions are weak as in the case of infrared SU(2) QCD, the string interac-
tions become strong. The static potential and the string tension is estimated
analytically by the use of the strong coupling expansion and the continuum
rotational invariance is restored completely.
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To obtain the continuum limit is crucial in the framework of lattice field theories. A
block spin transformation which is one of renormalization group transformations is adopted
usually on the lattice. A quantum perfect lattice action is an action on the renormalized
trajectory on which one can take the continuum limit.
In principle, we obtain the renormalized trajectory when we perform infinite steps (the
n→∞ limit) of block spin transformations for fixed physical length b = na where a is the
lattice constant. But this is actually impossible in ordinary cases. What we can do in actual
simulations is to approach the renormalized trajectory carrying out as many steps of block
spin transformations as possible on a finite lattice N4. If the effective action S(n, a,N)
obtained satisfies well the two conditions that (1) S(n, a,N) is a function of b = na alone
(the scaling behavior and volume independence) and (2) the continuum rotational invariance
is satisfied, then the effective action could be regarded as a good approximation of the
renormalized trajectory. The first condition can be checked when we compare S(n, a,N)
themselves for various a, n and N4. But to test the rotational invariance, we have to
determine the correct form of physical operators on the blocked lattice. It is the perfect
lattice operator on the renormalized trajectory which reproduces the continuum rotational
invariance. To find the perfect lattice operator is highly nontrivial, too.
The purpose of this note is to give a simple but a non-trivial lattice model composed of
general monopole quadratic interactions alone with which a block spin transformation can
be done analytically. The renormalized trajectory and the perfect operator corresponding
to a potential between static electric charges can be derived analytically. This is similar
to the blocking from the continuum theory as developed by Bietenholz and Wiese [1]. The
spectrum of the lattice theory is the same as in the continuum theory. The continuum
rotational invariance is shown exactly with the operator. In addition, this model is very
interesting, since the effective monopole action obtained after an abelian projection of pure
SU(2) lattice QCD is known to be well dominated by such quadratic monopole interactions
alone in the infrared region [2–5].
Let us start from the following action composed of quadratic interactions between mag-
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netic monopole currents. It is formulated on an infinite lattice with very small lattice
constant a:
S[k] =
∑
s,s′,µ
kµ(s)D0(s− s′)kµ(s′). (1)
Since we are starting from the region very near to the continuum limit, it is natural to assume
the direction independence of D0(s − s′). Also we have adopted only parallel interactions,
since we can avoid perpendicular interactions from short-distance terms using the current
conservation. Moreover, for simplicity, we adopt only the first three Laurent expansions,
i.e., Coulomb, self and nearest-neighbor interactions. Explicitly, D0(s − s′) is expressed as
β∆−1L (s−s′)+αδs,s′+γ∆L(s−s′). Here ∆L(s−s′) = −
∑
µ ∂µ∂
′
µδs,s′ and ∂(∂
′) is the forward
(backward) difference. Including more complicated quadratic interactions is not difficult.
How to evaluate a static potential between electrically charged particles is a problem.
It is known that the theory with the above action (1) is equivalent to an abelian gauge
theory of the Villain form [6,7]. In this model, it is natural to use an abelian Wilson loop
W (C) = exp i∑C(θµ(s), Jµ(s)), where θµ(s) is an abelian angle variable of the modified
Villain action. Also the theory with the above action (1) can be rewritten [7] in the lattice
form of the modified London limit of the dual abelian Higgs model [8]. The static potential
is evaluated by a ’tHooft operator in the model. However the expectation values of both
operators are not completely equivalent, although the term of the area law is the same [9].
When use is made of BKT transformation [10,11,7,9], we see that the area law term is given
correctly also by the following operator in the monopole action 1:
Wm(C) = exp
(
2πi
∑
s,µ
Nµ(s, S
J)kµ(s)
)
, (2)
Nµ(s, SJ) =
∑
s′
∆−1L (s− s′)
1
2
ǫµαβγ∂αS
J
βγ(s
′ + µˆ), (3)
1Using the monopole definition a` la DeGrand-Toussaint, we can prove it also directly from abelian
Wilson loops [12,13].
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where SJβγ(s
′ + µˆ) is a plaquette variable satisfying ∂′βS
J
βγ(s) = Jγ(s) and the coordinate
displacement µˆ is due to the interaction between dual variables. It is possible to prove that
any choice of SJβγ(s) for fixed electric currents Jγ(s) gives the same value in the continuum
limit a → 0, since the difference is a closed surface and the exponent of Wm(C) for the
difference is just the four-dimensional linking number times 2πi. Hence we take a flat
surface for SJβγ(s) in the following. Since the area law term is the same, let us consider only
the operator (2) in the following. The details of the definition of the operator evaluating
the static potential are discussed in Ref. [9].
Now let us define a blocked monopole current [14]:
Kµ(s
(n)) =
n−1∑
i,j,l=0
kµ(ns
(n) + (n− 1)µˆ+ iνˆ + jρˆ+ lσˆ)
≡ Bkµ(s(n)). (4)
With this definition, the current Kµ(s
(n)) on the coarse lattice with a lattice distance b = na
satisfies the current conservation ∂′µKµ(s
(n)) =
∑
µ(Kµ(s
(n))−Kµ(s(n)− bµˆ)) = 0. The block
spin transformation is expressed as
Z[K, J ] =
∞∑
kµ=−∞
∂′µkµ=0
exp
{
− ∑
s,s′,µ
kµ(s)D0(s− s′)kµ(s′) + 2πi
∑
s,µ
Nµ(s)kµ(s)
}
×δ
(
Kµ(s
(n))− Bkµ(s(n))
)
. (5)
The vacuum expectation value of the Wilson loop (2) is written in terms of Kµ(s
(n)) as
follows:
〈Wm(C)〉 =
∞∑
Kµ=−∞
∂′µKµ=0
Z[K, J ]
/
∞∑
Kµ=−∞
∂′µKµ=0
Z[K, 0]. (6)
Introducing auxiliary field φ and γ, we rewrite the constraints ∂′µkµ = 0 and Kµ(s
(n)) =
Bkµ(s(n)). Then we change the integral region of γ and φ from the first Brillouin zone to the
infinite region, since the monopole currents take integer values. Making use of the Poisson
sum rule and recovering dimensional lattice constants a and b = na, we get
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Z[K, J ] ∝
∫ ∞
−∞
Dγ exp
{
ib4
∑
x(n),µ
γµ(bs
(n))Kµ(bs
(n))
}
×
∞∑
al=−∞
al∈Z
∫ ∞
−∞
Dφ
∫ ∞
−∞
DF exp
{
−a8∑
s,s′,µ
Fµ(as)D0(as− as′)Fµ(as′)
+ia4
∑
s,µ
[
2πNµ(as) + φ(as)∂
′
µ + 2πlµ(as)
]
Fµ(as)− a4
∑
s(n),µ
nγµ(nas
(n))BFµ(s(n))
}
.
(7)
Since we take the continuum limit a → 0 finally, l = 0 alone may remains in the sum with
respect to al ∈ Z. Carrying out explicitly integrals with respect to F , φ, γ and taking the
continuum limit a → 0, we obtain the expectation value of the operator and the effective
action on the coarse lattice:
〈W (C)〉 = exp
{
−π2
∫ ∞
−∞
d4xd4y
∑
µ
Nµ(x)D
−1
0 (x− y)Nµ(y)
+π2b8
∑
s(n),s(n)
′
µ,ν
Bµ(bs
(n))A′GF−1µν (bs
(n) − bs(n)′)Bν(bs(n)′)
}
×
∞∑
b3Kµ(bs)=−∞
∂′µKµ=0
exp
{
−b8 ∑
s(n),s(n)
′
µ,ν
Kµ(bs
(n))A′GF−1µν (bs
(n) − bs(n)′)Kν(bs(n)′)
+2πib8
∑
s(n),s(n)
′
µ,ν
Bµ(bs
(n))A′GF−1µν (bs
(n) − bs(n)′)Kν(bs(n)′)
}/
∞∑
b3Kµ(bs)=−∞
∂′µKµ=0
Z[K, 0], (8)
where
Bµ(bs
(n)) ≡ lim
a→0
n→∞
a8
∑
s,s′,ν
Π¬µ(bs
(n) − as)Aµν(as− as′)Nν(as′), (9)
Π¬µ(bs
n − as) ≡ 1
n3
δ
(
nas(n)µ + (n− 1)a− asµ
)
× ∏
i(6=µ)
(
n−1∑
I=0
δ
(
nas
(n)
i + Ia− asi
))
, (10)
Aµν(as− as′) ≡
{
δµν − ∂µ∂
′
ν∑
ρ ∂ρ∂′ρ
}
D−10 (as− as′). (11)
A′GF−1µν (bs
(n) − bs(n)′) is a gauge-fixed inverse of the following operator:
A′µν(bs
(n) − bs(n)′) ≡ a8∑
s,s′
Π¬µ(bs
(n)− as)Aµν(as− as′)Π¬ν(bs(n)′− as′). (12)
Here we have used
∑
µ ∂µNµ(s) = 0 and have adopted a gauge including λ{∂µγµ(bs(n))}2 in
the integral with respect to γ.
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The momentum representation of the gauge fixed propagator is given explicitly by
A′GFµν (p) =
{
A′µν(p) + λpˆµpˆν
}
ei(pµ−pν)/2, (13)
where pˆµ = 2 sin(pµ/2) and A
′
µν(p) is written as
A′µν(p)≡

 4∏
i=1
∞∑
li=−∞

{D−10 (p+ 2πl)
[
δµν− (p+ 2πl)µ(p+ 2πl)ν∑
i(p+ 2πl)
2
i
]
(p+ 2πl)µ(p+ 2πl)ν∏
i(p+ 2πl)
2
i
}
×
(∏4
i=1 pˆi
)2
pˆµpˆν
, (14)
From the gauge invariance condition
∑
µ ∂
′
µA
′
µν(s − s′) = 0, we get
∑
µ pˆµA
′
µν(p) = 0. The
inverse of A′GFµν (p) is as follows:
A′GF−1µν (p) = Dµν(p) +
1
λ
pˆµpˆν
(
∑
i pˆ
2
i )
2
ei(pµ−pν)/2, (15)
where Dµν(p) is the λ independent part of A
′GF−1
µν (p)). To derive the explicit form of Dµν(p)
is not so easy. However, evaluating the determinant and cofactors of the matrix A′GFµν (p), we
can get
Dµν =
3{
(
∑
aA′aa)
3 − 3 (∑aA′aa) (∑abA′abA′ba) + 2 (∑abcA′abA′bcA′ca)}
×




(∑
a
A′aa
)2
−
(∑
ab
A′abA
′
ba
)
 δµν − 2
(∑
a
A′aa
)
A′µν + 2
∑
a
A′µaA
′
aν
−


(∑
a
A′aa
)2
−
(∑
ab
A′abA
′
ba
)
 pˆµpˆν∑
a pˆ
2
a

 ei(pµ−pν)/2. (16)
Since
∑
µ ∂
′
µKµ(bs
(n)) =
∑
µ ∂
′
µBµ(bs
(n)) = 0, Eq.(8) is independent of the gauge parameter
λ.
Now let us evaluate the spectrum of the monopole current Kµ(s
(n)) on the coarse lattice.
Define an operator with definite spatial momentum ~p:
Ki(~p)x4 =
∫ +π
−π
dp4
2π
Ki(~p, p4)e
ip4x4.
Then the correlation function is written as
〈Ki(~x, 0)Ki(~p)x4〉 =
∫ +π
−π
d4k
(2π)4
∫ +π
−π
dp4
2π
ei
~k·~xeip4x4〈Ki(~k, k4)Ki(~p, p4)〉. (17)
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Since the monopole action on the b-lattice is written as
∑
s,s′
µ,ν
Kµ(s)Dµν(s−s′)Kν(s′), we see
that the spectrum is essentially fixed by the gauge invariant part of the inverse of Dµν(s−s′).
In (17), it is δ4(k + p)A′ii(~p, p4), where
A′ii(~p, p4) =
(∏4
i=1 pˆi
)2
pˆipˆi
4∏
i=1

 ∞∑
li=−∞

{D−10 (p+ 2πl)
[
δii− (p+ 2πl)i(p+ 2πl)i∑
i(p+ 2πl)
2
i
]
(p+ 2πl)i(p+ 2πl)i∏
i(p+ 2πl)
2
i
}
.
The integral
∫ +π
−π
dp4
2π
ei
~k·~xeip4x4A′ii(~p, p4)
can be performed when we change p4 + 2πl4 → p4 and ∑l4 ∫ π+2πl4−π+2πl4 → ∫∞−∞. Here
D−10 (p) = κ
(
m21
p2 +m21
− m
2
2
p2 +m22
)
,
where κ, m1 and m2 are expressed by the original couplings in Eq.(1) as κ(m
2
1−m22) = γ−1,
m21 +m
2
2 = α/γ and m
2
1m
2
2 = β/γ. Hence the p4 integral gives us
e−Ei(~p+2π
~l)x4 ,
where Ei(~p+ 2π~l)
2 = −p24 = (~p+ 2π~l)2 +m2i . The spectrum is identical with the one of the
continuum.
The above monopole action can be transformed exactly into that of the string model
[15,16]. When use is made of the Poisson sum rule, we write the monopole part of Eq.(8) as
∞∑
Kµ=−∞
∂′µKµ=0
exp
{
−∑
s,s′
µ,ν
Kµ(s)Dµν(s− s′)Kν(s′) + 2πi
∑
s,s′
µ,ν
Bµ(s)Dµν(s− s′)Kν(s′)
}
=
∫ +∞
−∞
DFµ(s)
∫ +π
−π
Dφ(s)
∞∑
Kµ(s)=−∞
exp
{
−∑
s,s′
µ,ν
Fµ(s)Dµν(s− s′)Fν(s′)
+i
∑
s,µ
Fµ(s)
[
∂µφ(s) + 2π
∑
s′,µ,ν
Dµν(s− s′)Bν(s′)
]}
,
=
∫ +π
−π
Dφ(s)
∞∑
lµ(s)=−∞
exp
{
− 1
4
∑
s,s′
µ,ν
[
∂µφ(s) + 2πlµ(s) + 2π
∑
s1,µ,α
Dµα(s− s1)Bα(s1)
]
D−1µν (s− s′)
[
∂νφ(s
′) + 2πlν(s
′) + 2π
∑
s2,ν,β
Dνβ(s
′ − s2)Bβ(s2)
]}
. (18)
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Performing BKT transformation and Hodge decomposition, we obtain
lµ(s) = sµ(s) + ∂µr(s)
= ∂µ
{
−∑
s′
∆−1L s,s′∂
′
νsν(s
′) + rµ(s
′)
}
+
∑
s′
∂′ν∆
−1
L s,s′σνµ(s
′), (19)
where σνµ(s) ≡ ∂[µsν] is the closed string variable satisfying the conservation rule
∂[ασµν] = ∂ασµν + ∂µσνα + ∂νσαµ = 0. (20)
The compact field φ(s) is absorbed into a non-compact field φNC(s). Integrating out the
auxiliary non-compact field, we see
(18) =
∞∑
σµν (s)=−∞
∂[ασµν](s)=0
exp
{
− π2 ∑
s,s′
µ6=α
ν 6=β
σµα(s)∂α∂
′
βD
−1
µν (s− s1)∆−2L (s1 − s′)σνβ(s′)
−2π2∑
s,s′
µ,ν
σµν(s)∂µ∆
−1
L (s− s′)Bν(s′)− π2
∑
s,s′
µ,ν
Bµ(s)Dµν(s− s′)Bν(s′)
}
. (21)
The term independent of the string variable exactly cancels the second classical term of
Eq.(8). We find finally
〈Wm(C)〉 = 1
Z
exp
{
− π2
∫ ∞
−∞
d4xd4y
∑
µ
Nµ(x)D
−1
0 (x− y)Nµ(y)
}
×
∞∑
σµν (s)=−∞
∂[ασµν](s)=0
exp
{
− π2 ∑
s,s′
µ6=α
ν 6=β
σµα(s)∂α∂
′
βD
−1
µν (s− s1)∆−2L (s1 − s′)σνβ(s′)
−2π2∑
s,s′
µ,ν
σµν(s)∂µ∆
−1
L (s− s′)Bν(s′)
}
. (22)
It is very interesting that we can evaluate analytically the potential between the static
electric charges when the monopole action on the dual lattice is in the weak coupling region
for large b as realized in the infrared region of pure SU(2) and SU(3) QCD. Then the string
model on the original lattice is in the strong coupling region. As shown later explicitly, the
potential between the static electric charges is then evaluated mainly by the first classical
part of Eq.(22) alone. Hence let us evaluate first the classical part. Since the classical part
is written in the continuum form, the continuum rotational invariance for any b lattice site
is trivial.
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The plaquette variable Sαβ in Eq.(3) for the static potential V (Ib, 0, 0) is expressed by
Sαβ(z) = δα1δβ4δ(z2)δ(z3)θ(z1)θ(Ib− z1)θ(z4)θ(Tb− z4). (23)
Also the variable Sαβ for the static potential V (Ib, Ib, 0) is given by
Sαβ(z) =
(
δα1δβ4 + δα2δβ4
)
δ(z3)θ(z4)θ(Tb− z4)
×θ(z1)θ(Ib− z1)θ(z2)θ(Ib− z2)δ(z1 − z2). (24)
Let us evaluate V (Ib, 0, 0) as an example. The Fourier transform of Sαβ(z) in this case
is
Sαβ(p) =
(
δα4δβ1 − δα1δβ4
) ∫ Ib
0
dz1e
−ip1z1
∫ Tb
0
dz4e
−ip4z4 ,
=
(
δα4δβ1 − δα1δβ4
)( 2
p1
)
e−i
p1bI
2 sin(
p1Ib
2
)
(
2
p4
)
e−i
p4bT
2 sin(
p4Tb
2
). (25)
Since we study large T and large b behaviors, we use the following formula:
lim
T→∞
(
sinαT
α
)2
= πTδ(α). (26)
We get
〈W (Ib, 0, 0, T b)〉 −→
T→∞
b→∞
exp
{
−π2(TIb2)
∫ d2p
(2π)2
[
1
∆D0
]
(0, p2, p3, 0)
}
. (27)
Similarly we can evaluate 〈W (Ib, Ib, 0, T b)〉 from the classical term. The static potentials
V (Ib, 0, 0) and V (Ib, Ib, 0) can be written as
V (Ib, 0, 0) = π2(Ib)
∫
d2p
(2π)2
[
1
∆D0
]
(0, p2, p3, 0),
=
πκIb
2
ln
m1
m2
, (28)
V (Ib, Ib, 0) =
√
2πκIb
2
ln
m1
m2
. (29)
The potentials from the classical part take only the linear form and the rotational invariance
is recovered completely even for the nearest I = 1 sites. The string tension from the classical
part is evaluated as
9
σcl =
πκ
2
ln
m1
m2
. (30)
This is consistent with the analytical results [8] in Type-2 superconductor. The two constants
m1 and m2 may be regarded as the coherence and the penetration lengths.
Next let us evaluate the quantum fluctuation coming from the interaction of the string
variable and the classical source. Since we have introduced the source term corresponding
to the Wilson loop on the fine a lattice, the recovery of the rotational invariance of the static
potential is naturally expected also for the quantum fluctuation. Hence here we evaluate the
quantum fluctuation for the flat Wilson loop W (Ib, 0, 0, T b). Then it is to be emphasized
that the same static potential for the flat Wilson loop can be obtained for I, T →∞ when
we consider the naive Wilson loop operator on the course b lattice instead of that on the
fine lattice (2):
W˜m(C) = exp
(
2πi
∑
s,µ
N˜µ(s, S
J)Kµ(s)
)
, (31)
N˜µ(s, SJ) =
∑
s′
∆−1L (s− s′)
1
2
ǫµαβγ∂αS˜
J
βγ(s
′ + µˆ), (32)
where S˜Jβγ(s
′ + µˆ) is a flat plaquette variable satisfying ∂′βS˜
J
βγ(s) = J˜γ(s) and J˜γ(s) is the
electric current on the course lattice.
Similar arguments as above shows that the expectation value of the operator W˜m(C) is
expressed as follows:
〈W˜m(C)〉 = 1
Z
exp
{
− π2∑
s,s′
µ,ν
∑
µ
N˜µ(s)D
−1
µν (s− s′)N˜ν(s′)
}
×
∞∑
σµν (s)=−∞
∂[ασµν](s)=0
exp
{
− π2 ∑
s,s′
µ6=α
ν 6=β
σµα(s)∂α∂
′
βD
−1
µν (s− s1)∆−2L (s1 − s′)σνβ(s′)
−2π2∑
s,s′
µ,ν
σµν(s)∂µ∆
−1
L (s− s1)Dνα(s1 − s′)N˜α(s′)
}
. (33)
Here we note that D−1µν (s− s′) is given by Eq.(12) and that the Fourier transform S˜βγ(k) of
S˜Jβγ(s) is similar to Eq.(25) with the momentum defined on the course lattice. Hence the
first classical part becomes
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π2
∑
s,s′
µ,ν
Nµ(s)D
−1
µν (s− s′)Nν(s′)
= 4π2ǫµα14ǫνβ14
∫ π
−π
d4k
(2π)4
∆−2L (k) sin
(
kα
2
)
sin
(
kβ
2
)
ei(
kα
2
−
kβ
2
)
× S˜14(k)S˜14(−k)
∑
l
(
δµν − (k + 2πl)µ(k + 2πl)ν
(k + 2πl)2
)
D−10 (k + 2πl)
× Π i6=µ
j 6=ν
πi(k + 2πl)π
∗
j (k + 2πl), (34)
where
πi(k) =
sin(ki/2)
ki/2
e−iki/2. (35)
Changing the integral variable as k + 2πl → k, we can absorb the summation with respect
to l using the integral over the infinite momentum range. When we use Eq.(26) for large I
and T , we find the classical part (34) agrees exactly with (27).
Similarly
∑
s′
D−1µν (s− s′)Nν(s′)
=
∫ π
−π
d4k
(2π)4
∑
l
(
δµν − (k + 2πl)µ(k + 2πl)ν
(k + 2πl)2
)
D−10 (k + 2πl)
× Π i6=µ
j 6=ν
π∗i (k + 2πl)πj(k + 2πl)e
ikµ2iǫνα14∆
−1
L (k) sin
(
kα
2
)
ei
kα
2
π˜1(k)π˜4(k)
π1(k)π4(k)
eiks, (36)
where
π˜1(k) =
sin(k1I/2)
k1/2
e−ik1I/2, π˜4(k) =
sin(k4T/2)
k4/2
e−ik4T/2. (37)
When use is made of
sin
(
k1I
2
)
sin
(
k1
2
)
= sin2
(
k1(I + 1)
4
)
− sin2
(
k1(I − 1)
4
)
, (38)
we get for large I and T
π∗1(k)π˜1(k)π
∗
4(k)π˜4(k) = (2π)
2δ(k1)δ(k4)e
i(1−I)k1/2ei(1−T )k4/2. (39)
We find for large I and T that
∑
s′ D
−1
µν (s− s′)Nν(s′) is equivalent to Bµ(s) in (9).
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Hence the expectation value of the naive Wilson loop 〈W˜m(C)〉 in (33) coincides with
that of the perfect operator in (22). Now we introduce the dual string variable ∗σ as follows:
σµν(s) =
1
2
ǫµναβ
∗σαβ(s+ αˆ + βˆ),
∗σ¯αβ(s) ≡ ∗σαβ + Sαβ(s). (40)
Then the expectation value (33) can be expressed simply as
〈W˜m(C)〉 =
∑∞
∗σ¯µν (s)=−∞Π sµ,ν δ(∂
′
µ
∗σ¯µν(s)− J˜ν(s)) exp{−S(∗σ¯)}∑∞
∗σ¯µν(s)=−∞Π sµ,ν δ(∂
′
µ
∗σ¯µν(s)) exp{−S(∗σ¯)} , (41)
where
S(∗σ¯) = π2
∑
s,s′
µ,ν
(∂α∆
−1
L (s− s1)
1
2
ǫαµβγ
∗σ¯βγ(s1 + αˆ + µˆ))D
−1
µν (s− s′) (42)
×(∂β∆−1L (s′ − s2)
1
2
ǫβνηδ
∗σ¯ηδ(s2 + βˆ + νˆ)). (43)
The strong coupling expansion can be shown in Fig.1. The leading term is the same as the
classical contribution in (34). The next-leading term is a house-type diagram with one 1×1
cube attached on the flat surface. Then the open surface variable ∗σ¯ has four more plaquettes
than the leading one. If the self coupling term between the string variables ∗σ¯ is dominant
as in SU(2) QCD, the next to leading term is estimated as exp(−σclIT b2− 4Π(0)b2), where
σcl is the string tension from the classical part (30) and Π(0) is the self coupling constant.
Considering the entropy factor 4IT , we get
〈W˜m(C)〉 = exp{−σclIT b2}+ 4IT exp{−σclIT b2 − 4Π(0)b2}+ · · ·,
≃ exp{−σclIT b2} exp{4ITe−4Π(0)b2},
≡ exp{−σITb2}. (44)
Hence the string tension becomes
σ = σcl − 4
b2
e−4Π(0)b
2
. (45)
Applications to actual pure SU(2) and SU(3) QCD will be published elsewhere [9,18]
and the quantum fluctuation term will be found to be very small there.
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FIGURES
FIG. 1. The strong coupling expansion of the Wilson loop calculation.
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